First post-Newtonian (1PN) hydrostatic equations for an irrotational fluid which have been recently derived are solved for an incompressible star. The 1PN configurations are expressed as a deformation of the Newtonian irrotational Riemann ellipsoid using Lagrangian displacement vectors introduced by Chandrasekhar. For the 1PN solutions, we also calculate the luminosity of gravitational waves in the 1PN approximation using the Blanchet-Damour formalism. It is found that the solutions of the 1PN equations exhibit singularities at points where the axial ratios of semi-axes are 1 : 0.5244 : 0.6579 and 1 : 0.2374 : 0.2963, and the singularities seem to show that at the points, the irrotational Riemann ellipsoid is unstable to the deformation induced by the effect of general relativity. For stable cases (a2/a1 > 0.5244, where a1 and a2 are the semi-major and minor axes, respectively) we find that when increasing the 1PN correction, the angular velocity and total angular momentum increase, while the total energy and luminosity of gravitational waves decrease. These 1PN solutions will be useful when examining the accuracy of numerical code for obtaining relativistic irrotational stars.
First post-Newtonian (1PN) hydrostatic equations for an irrotational fluid which have been recently derived are solved for an incompressible star. The 1PN configurations are expressed as a deformation of the Newtonian irrotational Riemann ellipsoid using Lagrangian displacement vectors introduced by Chandrasekhar. For the 1PN solutions, we also calculate the luminosity of gravitational waves in the 1PN approximation using the Blanchet-Damour formalism. It is found that the solutions of the 1PN equations exhibit singularities at points where the axial ratios of semi-axes are 1 : 0.5244 : 0.6579 and 1 : 0.2374 : 0.2963, and the singularities seem to show that at the points, the irrotational Riemann ellipsoid is unstable to the deformation induced by the effect of general relativity. For stable cases (a2/a1 > 0.5244, where a1 and a2 are the semi-major and minor axes, respectively) we find that when increasing the 1PN correction, the angular velocity and total angular momentum increase, while the total energy and luminosity of gravitational waves decrease. These 1PN solutions will be useful when examining the accuracy of numerical code for obtaining relativistic irrotational stars.
We also investigate the validity of an ellipsoidal approximation, in which a 1PN solution is obtained assuming an ellipsoidal figure and neglecting the deformation. It is found that for a2/a1 > 0.7, the ellipsoidal approximation gives a fairly accurate result for the energy, angular momentum, and angular velocity, although in the approximation we cannot find the singularities. §1. Introduction Preparation of reliable theoretical models on the late inspiraling stage of binary neutron stars is one of the most important issues for gravitational wave astronomy. This is because they represent one promising source for gravitational wave detectors such as LIGO, 1) VIRGO, 2) GEO600 3) and TAMA. 4) From their signals, we will obtain a wide variety of physical information on neutron stars such as their mass and spin, if we have a theoretical template of them. 5) In particular, a signal from the very late inspiraling stage just prior to merging may contain physically important information on neutron stars such as their radius, 5) which will be utilized for determining the equation of state of neutron stars. 6) Binary neutron stars evolve due to the radiation reaction of gravitational waves, so that they never settle down to equilibrium states. However, the emission time scale will always be longer than the orbital period outside their innermost stable circular orbit (ISCO), so that we may consider them to be in quasiequilibrium states in their inspiraling phase even near the ISCO.
Until now, all the reliable relativistic works devoted to obtaining a quasiequilibrium state have been undertaken assuming a corotational velocity field, 7), 8) since there was no formalism to compute non-corotational solutions. As pointed out previously, 9), 10) however, corotation is not an adequate assumption for the velocity field of realistic binary neutron stars, because the effect of viscosity is negligible for the evolution of neutron stars in a binary system and, as a result, their velocity fields are expected to be irrotational (or nearly irrotational). Formalism for the computation of realistic quasiequilibrium states of coalescing binary neutron stars just prior to merging has recently been developed by several authors in general relativity. 11), 12), 13), 14), 15) In this formalism, we have only to solve two hydrostatic equations as for the fluid equations. One of them is the integrated form of the Euler equation and the other is the Poisson equation for the velocity potential. Thus, the formalism seems to be very tractable for computing equilibrium configurations of relativistic irrotational bodies.
In this paper, we apply the formalism for solving an incompressible, irrotational single star in the first post-Newtonian (1PN) approximation as a first step. Incompressible rotating stars were studied extensively at the 1PN order by Chandrasekhar about 30 years ago. He derived many equilibrium configurations of the Maclaurin, Jacobi, Dedekind ellipsoids, 16), 17), 18), 19) developing original methods (see also Ref. 20) ), and he found many interesting features of rotating stars deformed by relativistic effects.
The purpose of this paper is twofold. One is to develop a formalism to obtain an equilibrium state of an irrotational, incompressible fluid in the 1PN approximation. As mentioned above, Chandrasekhar studied 1PN equilibrium stars extensively, but he did not do so for irrotational stars. We develop the method in this paper which can be applied even for irrotational binary systems. The other comes from a demand in performing numerical computation: Our final aim is to study general relativistic irrotational binary neutron stars with compressible equations of state. Thus, numerical computation is necessary. Although some promising numerical methods are proposed, 21), 11) the computation still does not seem easy. Hence, when we obtain a result by numerical computation, it is necessary to check its validity by comparing with an analytic solution. Thus, preparation of exact solutions is required. This paper is organized as follows. In §2, we describe the basic equations to calculate equilibrium configurations of the 1PN irrotational star. The deformation of the star from an ellipsoid and the angular velocity in the 1PN approximation are calculated in §3. In §4, we give the boundary conditions to determine the velocity field and the deformation in the 1PN approximation, and the total energy and angular momentum are obtained in §5. We present formalism for computation of gravitational radiation from a rotating star with arbitrary internal motion in §6. In §7, we present the numerical results obtained by solving the equations derived in previous sections. We also compare the results with those in the ellipsoidal approximation. 22) Section 8 is devoted to summary and discussion.
Throughout this paper, c denotes the light velocity and we use the units in which G = 1. Latin indices i, j, k, · · · take values 1 to 3, and δ ij denotes the Kronecker delta. §2. Formulation
Non-axisymmetric equilibrium configurations with non-uniform velocity fields are obtained by solving the Euler, continuity, and Poisson equations, consistently. Since we consider an incompressible fluid, all the calculations are carried out analytically even in the 1PN case. The procedure is as follows.
(1) We calculate a Newtonian equilibrium state, i.e., the irrotational Riemann ellipsoid, 20) as a non-perturbed state. For simplicity, we consider only the case in which the directions of the vorticity vector and the angular velocity vector lie along x 3 -axis. (2) 1PN corrections for the velocity potential and gravitational potentials are obtained from the 1PN Poisson equations for them. (3) We calculate the deformation from the Newtonian ellipsoid induced by 1PN gravity using Lagrangian displacement vectors introduced by Chandrasekhar. 20) Then, corrections of the Newtonian quantities due to the deformation of the star are estimated. (4) We substitute all the 1PN corrections obtained in (2) and (3) into the 1PN Euler and continuity equations. Then, coefficients of the Lagrangian displacement vectors and 1PN velocity potential are determined from the boundary conditions on the stellar surface.
In this section, we calculate the Newtonian and 1PN terms which we need in the above procedures. In the following, we assume that the center of mass of the star is located at the origin of the coordinate system, and the direction of the coordinate axes are parallel to the principal axes of the star, whose lengths are defined as a 1 , a 2 and a 3 .
Hydrostatic and Poisson equations for 1PN irrotational stars
For an irrotational fluid, the relativistic Euler equation can be integrated, and in the 1PN case, it is written as 13) 
where we assume that fluid is incompressible, i.e., ρ =const. In Eq. (2 . 1), P , ρ, ℓ k , φ N , φ PN , U , X, andβ k , respectively, denote the pressure, the density, the velocity field of the figure rotation (spatial component of the Killing vector), the Newtonian and 1PN velocity potentials, and the last three terms are the Newtonian and 1PN potentials, which are derived by solving Poisson equations as
3)
Hereβ k is expressed asβ
We note that using the gravitational potentials, the spacetime line element to 1PN order can be written as
where
A characteristic feature of the irrotational fluid is that the continuity equation reduces to a Poisson type equation for a velocity potential φ, 13), 14) and in the 1PN incompressible case, it is
In the following subsections, we obtain terms appearing in Eq. (2 . 1) by separately solving equations for each.
Newtonian terms
The solution of the Newtonian potential for the ellipsoidal star is
where A ij··· are index symbols introduced by Chandrasekhar, 20) and A 0 is calculated from 20) 12) where α 2 = a 2 /a 1 and α 3 = a 3 /a 1 . Also, the pressure at Newtonian order is written as
where P 0 = πρ 2 a 2 3 A 3 denotes the pressure at the center of the star. The Newtonian velocity field in the inertial frame v i ≡ ∂ i φ N is written as
where u i is the velocity field in the corotating frame and Ω denotes the angular velocity of the figure. ℓ i and u i are given by
15)
where Λ is the angular velocity of the internal motion. f R is defined as ζ/Ω, where ζ ≡ (rotu) 3 denotes the vorticity in the corotating frame. For the irrotational ellipsoid, f R becomes −2. Thus, φ N = F a Ωx 1 x 2 and 19) where X 0 and X v are derived from Poisson-like equations as
20)
Then, the equation for X 0 becomes 22) and the solution is
24) 
The equation for X v is
and hence, the solution is
Substituting v i of Newtonian order into the equations for P i and χ, we immediately find the solutions as 
34)
The solution of this equation can be written up to biquadratic terms in x i as * )
where q, r and s satisfy the condition
Although we can add higher order terms which satisfy ∆φPN = 0, we negelct them for simplicity because we consider only biquadratic deformtion of ellipsoids in this paper.
Collection
Substituting the terms derived above into Eq. (2 . 1), we obtain
where Ω R denotes the angular velocity of an irrotational Riemann ellipsoid and the γ ij are expressed as
44)
46) 
49)
51)
δU denotes the gravitational potential induced by the deformation of the figure. The explicit form of δU is given in the §4. §3. Second tensor virial equation
The angular velocity is determined from the second tensor virial equation, 18) which is written as
Substituting Eq. (2 . 43) into the above equation, we obtain
M denotes the Newtonian mass:
δΠ, δW ij , and δI ij must be taken into account because the ellipsoidal figure deforms due to the 1PN effect. The explicit forms are given later.
Second virial equations at Newtonian order
First, we derive equations for the angular velocity and axial ratios of the ellipsoid at Newtonian order. The second tensor virial equation at Newtonian order is written
The non-vanishing components are
(3 . 14)
Then, we obtain
From these equations, we can determine the axial ratios a 2 /a 1 and a 3 /a 1 , and the angular velocity.
Deformation of the figure
The deformation of an incompressible ellipsoid due to the 1PN gravity is written by using the Lagrangian displacement vectors ξ
Here, we consider only up to the cubic deformation and also assume triplane symmetries, so that the Lagrangian displacement vectors of higher order functions in x i and of even functions can be neglected.
Using the Lagrangian displacement vectors, we can calculate Eqs. (3 . 7) ∼ (3 . 9). We find 20) δΠ = 0, (3 . 23) 
where we use the equilibrium equations of Newtonian order and define new variables as
(3 . 37)
Then, δΩ 2 is expressed as
By calculating (1, 1) − (3, 3) and (2, 2) − (3, 3), we can find other expressions of δΩ 2 as −πρ(3a
Equation (3 . 42) is one of the equations to determine p, q, r, s, and S ij . §4. Boundary conditions
In this section we derive equations to determine the coefficients of the 1PN velocity potential and the deformation of the figure, p, q, r, s, and S ij , from the boundary conditions on the stellar surface. The stellar surfaces of the Riemann ellipsoid and its deformed figure are expressed as S R (x) = 0 and S(x) = 0, respectively, where
2)
The boundary conditions for the continuity equation and integrated Euler equation are, respectively, where c k (k = 0, 1, 2, 3) are functions of a k , p, q, r, s, and S ij . Equation (4 . 5) must be satisfied on S R . Then, we obtain the following three equations for p, q, r, s and S ij : We can make two equations which do not contain S 11 , S 12 and p as
Thus, Eqs. (4 . 9) and (4 . 10) depend only on the coefficients q, r, s, S 31 , S 32 and S 33 ; i.e., the coefficients for biquadratic deformation. This is an important feature in determining these coefficients.
Condition (B)
To obtain G consistently, we must calculate the correction of the self-gravity potential due to the deformation of the figure δU , which is given by 18) 
Substituting the Lagrangian displacement vectors into Eq. (4 . 12), we have
14) 
where 20) for i = j,
Substituting δU and the equation S = 0 into Eq. (2 . 43), we obtain where The question arises when we determine the rest three coefficients p, S 11 and S 12 because we have only two equations (3 . 42) and (4 . 6) (or (4 . 7) or (4 . 8)) for the three variables. There is one degree of freedom. This is because there is no unique definition of the 1PN solution as the counterpart of a Newtonian solution, as pointed out by Chandrasekhar 17), 18) and Bardeen. 23) (Or, we may say that we have a degree to fix the PN correction of the angular velocity (δΩ) or axial ratio (S 11 or S 12 ) in obtaining a PN equilibrium solution.) There are many possible ways to compare a 1PN solution with a Newtonian solution, and to fix the 1PN counterpart to a Newtonian solution, we must impose an additional condition. (For example, Bardeen has proposed that we should compare two solutions fixing the angular momentum and the baryon number. 23) )
Since the method for connecting a 1PN solution to a Newtonian solution can be arbitrarily chosen, in this paper, we simply give the condition as 37) i.e., we fix the PN correction of the axial ratio. The reason why we choose this condition is simply that S 11 and S 12 in Eqs. (4 . 6) ∼ (4 . 8) are erased, and manipulations are simplified. Then, we have three equations (3 . 42), (4 . 6), and (4 . 37) for solving p, S 11 , and S 12 . δΩ is determined from Eq. (3.38) if we obtain these coefficients. §5. The total energy and angular momentum
Total energy
The total energy is written as
3) In the above equations, we have used Eq. (3 . 38) for δΩ 2 and the conserved mass
instead of the Newtonian mass M . Also we substitute the mean radius of the star defined by the conserved mass as
and a i * defined by a 1 * a 2 * a 3 * = a 3 * , a 2 * /a 1 * = a 2 /a 1 and a 3 * /a 1 * = a 3 /a 1 . A ijk··· * and B ijk··· * are computed by using a 2 * /a 1 * and a 3 * /a 1 * . In Eq. (5 . 4) we have used some relations among index symbols. 20) 
Total angular momentum
The total angular momentum is written as
14) In this section, we derive an equation for the luminosity of the gravitational radiation from a rotating star.
Frames
In previous sections, we used the coordinate system {x i } associated with the principal axis of the ellipsoid, which is considered as the rotating frame. In these coordinates, the estimation of multipole moments is quite simple. On the other hand, it is convenient to use the inertial frame {X i } for the estimation of the luminosity of gravitational waves. These coordinate systems are related to each other as
In the inertial frame, the Newtonian internal velocity is
where we define F i for i = 1, 2 as
Note that this expression of the Newtonian velocity is different from Eq. (2 . 17) because we do not restrict our attention to the irrotational case in this section. If one takes −2 for f R , Eq. (6 . 2) reduces to Eq. (2 . 17).
Multipole moments
In the 1PN approximation, the energy loss due to gravitational radiation is written as 24) 
where (n) denotes that n time derivatives are taken, and M ij , M ijk and S ij are written as
5)
10)
12)
where ǫ kli denotes the spatial Levi-Civita symbol, and both 'hat' and < > denote the symmetric traceless part; that is,
14)
First, we consider the mass multipole moments associated with the principal axis of the ellipsoid. We obtain mass quadrupole moments to 1PN order as
17)
18)
These moments are related to the reduced moments in the inertial frame as
20) 
Energy loss
The quadrupole moments relevant to the energy loss are obtained as
2 ) cos 4Ωt
2 ) cos 2Ωt + const, (6 . 23)
2 ) sin 2Ωt + const, (6 . 24)
25)
26)
27)
29)
The higher multipole moments relevant to gravitational radiation in the 1PN approximation vanish due to the symmetry, i.e.,
In total, we obtain
where temporal averaging has been done. Using some algebraic relations among I ii and I iiii , the formula for the energy loss can be expressed in terms of (ρ, Ω, a 1 , a 2 , a 3 , S 11 , · · · , S 33 , A 0 , f R ) as
where we define F(f R , a 1 , a 2 , a 3 ) as We can rewrite Eq. (6 . 38) by using the conserved mass as
where and alsoΩ
Using these parameters with the relation S 11 = S 12 , we can rewrite equations (2 . 42), (3 . 42), (4 . 6) ∼ (4 . 8), and (4 . 30) ∼ (4 . 32) into the non-dimension forms. From these eight equations, we can determine eight variables,p,q,r,s,S 11 ,S 31 ,S 32 andS 33 . After determination of the variables, we can calculate the energy and angular momentum of the star from Eqs. (5 . 1) and (5 . 12) and also the luminosity of gravitational radiation from Eq. (6 . 38). In the numerical calculations these values must be normalized. The normalized energy, angular momentum and luminosity of gravitational radiation are written as
where C s is the compactness parameter defined as
In the PN approximation, we assume C s ≪ 1.
Ellipsoidal approximation
The ellipsoidal approximation, in which the equilibrium configuration is assumed to have an ellipsoidal shape, is useful in order to investigate features of stars or binary systems in the 1PN approximation, 25), 26), 27) because the whole calculation is done by setting S ij = 0, and hence is very simplified. The ellipsoidal approximation gives an exact solution for the rotating incompressible star in the Newtonian theory. However, it gives only an approximate solution for the 1PN case. If the ellipsoidal approximation is really an excellent approximation, it becomes a robust method for the study of the 1PN effects. This is motivation for our investigation of the validity of the ellipsoidal approximation. Table I . The Newtonian and 1PN angular velocity, energy, angular momentum, and luminosity of gravitational radiation along the equilibrium sequence of the irrotational Riemann S-type ellipsoid.
a2/a1 a3/a1Ω In the ellipsoidal approximation, a solution is obtained by setting S ij = 0 in all the equations. After we set S ij = 0, we can calculate the velocity field in the 1PN approximation from Eqs. (2 . 42) and (4 . 6) ∼ (4 . 8). We note that in the ellipsoidal approximation, the boundary condition (4 . 4) is not satisfied.
Results
We give the results in Tables I, II and III. In Table I , the angular velocity, energy, angular momentum, and luminosity of gravitational radiation of Newtonian and 1PN orders are presented along the Newtonian sequence. Coefficients of the 1PN velocity potential and the Lagrangian displacement vectors are shown in Table II . In these tables, † and ‡ denote singularities at which all the 1PN terms diverge. We believe that at those points, some instabilities which are concerned with the fourth order harmonics of the Riemann ellipsoid are induced by relativistic corrections. As shown in Table II , the velocity field of 1PN order has an x 3 component which is written as
where we use Eq. (2 . 41). This feature has also been found in the study of the Dedekind ellipsoid. 19) In the 1PN (and relativistic) case, we believe that the velocity field cannot be restricted in the planes orthogonal to the figure rotation axis in general.
In Table III , the angular velocity, energy, angular momentum, luminosity of gravitational radiation and velocity field of 1PN order in the ellipsoidal approximation are presented. There appear no singularities which are associated with instabilities because we do not take into account deformation of the ellipsoidal figure. From Table III , it is found that the velocity field of 1PN order has an x 3 component, as in the case of the exact calculation. This implies that it is necessary to include the x 3 component of the velocity field even in the ellipsoidal approximation.
In Fig. 1 , we show the angular velocity of Newtonian and 1PN orders as a function of the axial ratio a 2 /a 1 . Figures 1(a) and (b) are drawn for the Newtonian solutions, and (c) and (d) are for the 1PN solutions. The solid and dotted lines denote the results of the exact calculation and those of the ellipsoidal approximation, respectively. In the Newtonian case (or in the spherical case), the above two lines coincide. On the other hand, in the 1PN (and non-spherical) cases, the differences between the two lines appear, but are not large. The energy and angular momentum of Newtonian and 1PN orders are shown in Fig. 2 as functions of the axial ratio a 2 /a 1 . In Fig. 2 , we present the results only for 1 ≥ a 2 /a 1 ≥ 0.55, i.e., for the stable branch. The solid and dotted lines denote the same quantities as those in Fig. 1 . The luminosity of gravitational radiation is shown in Fig. 3 . The solid and dotted lines are again the same as in Fig. 1 . From the figures, it is found that with increasing the 1PN correction, the angular velocity and angular momentum increase, while the total energy and luminosity of gravitational waves decrease. These features are reasonable, because with increasing relativistic correction, the self-gravity of the star becomes strong (and hence the binding energy becomes large), and to support the self-gravity, angular velocity must be larger. §8. Summary and discussion
We have calculated an equilibrium sequence and the luminosity of gravitational waves of an irrotational and incompressible star in the 1PN approximation. We have developed a scheme to solve the hydrostatic equations for an irrotational fluid in the 1PN approximation. By extending the present study, we will investigate irrotational binary stars in the 1PN approximation. Also, the 1PN solutions presented in this paper will be useful when examining the accuracy of numerical code for obtaining relativistic irrotational stars. In addition to establishing the method, we have an interesting result. The 1PN velocity field has an x 3 component. This fact implies that internal motion never remains in the planes orthogonal to the figure rotation axis. (Note that such a waving motion closes even if it has an x 3 component.) We can find in the Chandrasekhar and Elbert paper 19) that there is also an x 3 component of the internal motion in the case of the 1PN Dedekind ellipsoid. Moreover, Uryū and Eriguchi 21) numerically showed that the internal flow of the compressible Dedekind-like star has an x 3 component even in the Newtonian case. Therefore, as for incompressible, Newtonian cases, nonaxisymmetric stars with an internal motion will have an x 3 component of the velocity field in general. Finally, we discuss the validity of the ellipsoidal approximation. One can see from Figs. 1 ∼ 3 and Tables I ∼ III that the error of the 1PN angular velocity, energy, and angular momentum in the ellipsoidal approximation are less than about ∼ 5% in the range of 1 ≥ a 2 /a 1 ≥ 0.7. Although some of the coefficients of the 1PN velocity potential,q andr, deviate from exact values by a large factor near a 2 /a 1 ≃ 0.55, the error is not so large for larger a 2 /a 1 . Therefore, we may conclude that the ellipsoidal approximation is a good one if the star is not highly nonspherical (1 ≥ a 2 /a 1 ≥ 0.7). This result is encouraging for study of binary stars in the ellipsoidal approximation because in the binary case, it is expected that a 2 /a 1 and a 3 /a 1 do not become very small. 25) 
